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Khi gidi cac bai toan tim gidi han, dicu truée tién, ta can
xem xét dai lugng can tim c6 thuoc dang vo dinh hay khong. Cé
bay dang vo dinh: g %; 00 — 00; 00.0; 1°%°; oa”; 0V, Néu khong
thuoc dang vo dinh nao thi khéng can bién doi, chi viéc ap dung
dinh 1y, tinh chat ctia phép tinh gi6i han dé tinh truc tiép. Néu
gap dang vo dinh (c6 thé c6 gidi han hay khong c6 gii han), ta
can phai bién doi, "khi" dang vo dinh dé tim gisi han. Phuong
phap bién doi dé khit dang vo dinh la mot "nghé thuat" tuy
ting bai cu thé ma ta c6 cac cach khac nhau. Tuy nhién, & day,

ta co thé ke dén mot s6 phuong phap thusng gap.

1 PP ngat bo VCL bac thap

Néu f, g, ula cac VCL trong mot qua trinh, trong d6 f 14 VCL
bac cao nhat, khi d6 f £ g+ u ~ f.
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Chi ¥ ring P,(z) = apx" + a1z + ... ~ aga”, {/P.(z) ~
agx™ khi x — oo, & day k, n nguyén duong, a; hing s6, ag # 0.
Khi n — 0o, ta ¢6 thé xép cdc VCL theo thit tu bac cao dan
nhu sau: Inn; n®;, n®(véias > oy > 0); af; ay(véi ay > a; >

1); nl; n". Ta xét mot vai vi du.
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2 PP ngit bé VCB bac cao

Néu p(x); q(z); v(z) 1a cac VCB trong ciing mot qua trinh nao
d6. Khi d6 p(x) + q(z) £ v(z) ~ p(z) trong qua trinh d6 néu
p(z) 1a VCB bac thap. Khi z — 0, ta chu y cac VCB tuong
duong sau sinx ~ z; a* — 1 ~ zlna; (e =1 ~ z); In(1 + z) ~
z; (1+2)* -1~ az véi a > 0 bat ki.

t 1
Vi du 2.1. limx+sm T+ tana = lim—x = —
: =0 2x + 3x° + 5a’ =02 2
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22 — (arcsinz)? || 2w

Vi du 2.2. lim =
' v=0 x + (arctgr)? 20 x

3 PP thay VCB(VCL) tuong ducng

Néu cac VOB (hay VCL) p(z) ~ u(z); (z) ~ v(z) trong qué
trinh nao d6 th fim 2 — 1im U2

q(z) v(z)

ta con c6 acrsinr ~ x; tgr ~ x; 1 — cosx ~ 5 arctgr ~ x khi

. Ngoai cac cap VCB da néu

x — 0.
1 — cos2x + tg? 1 — cos? tg?
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Vi du 3.3. Tinh lim 2222

z—m SINNT
V6i bai tap trén, ta khong thé thay sinma ~ ma vi ma 4 0

v6i m, n la cac sO nguyén

khi # — 7. Ta c6 thé doi bién z = 7 + t, dé chuyén qua trinh
x — 7 bang qua trinh ¢ — 0; qua trinh nay ta c6 nhiéu vo cling
bé tuong duong. Mot cach téng quat khi tim giéi han véi qua
trinh © — a # 0, ta déu c6 thé bién déi  — a = t. Hodc ta lam
xuat hién x — a trong biéu thic can tinh giéi han. Cu thé ta co

. sinmx .. sin(r—7m4+m)m
lim — = lim — = lim :
v=w sinnx  z—opisin(z — T+ m)n a—=7 cosnx.sinn(r — )

cosmx.sinm(x —T)
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4 PP bién doi

Dé tim giéi han, ngudi ta con thuc hién nhiéu phép bién doi
khac nhau, lam mat dang vo dinh.

a) Gap can thic, ta cé thé nhan vdi ligng lien hgp dé khit
can.

Ta dung he thiic a” — 0" = (a — b)(a" "t + a"2b+ ... + b"71).

Vi du 4.1.

: ~ im WVr+1-vVr)Ve+1+Vx)
Jm (Vo1 =)= lim Virit vz =

1
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x%+oo\/x_|_ _|_\/_
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Vi du 4.2. }g% =

hm(\?/ler—\/l m+\/1+x 1—x)++/(1—2)?)
z=0 x(\?’/(l—kx +/(1+2)(1—2)+ /(1 —x)?)

= lim 2 :2-
=0p(/ A+ 2?2+ /(1 +2) (1 —2)+ /(1 —2)?) 3

P(x)
| aw)
ma P(a) = Q(a) = 0, ta viet P(x) = (x — a)Pi(x); Q(x) =

(x — a)Q: () dé udc luge.

b) Khi ta tim gidi han ctia tj s6 hai da thic khi x — a
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T—r — T—r—
6 6

c¢) Trong truong hop doéi sé nguyén, thuong viét n — oo, ta cé
thé bién doi triet tiéu tung cdp s6 hodc st dung cong thic tong

cta cap so cong hay cap so nhan.

11 1 11
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fdu 4.5 lim |75 +o0+. +m—nﬁ Jim [1-5+35
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lim = lim
n—00 n2+1 n—00 n2_|_1
) —-n
lim ——— = —1.

n—ooy/n?2 + 1

1 2 —1 1
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Sy thay thé tuong duong con thé hién trong tich va tong. Cu
thé:

o Néu o ~@; B ~ [ thi af ~ ap.
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e Néu o, B la cic VOB (hay VCL) cung cip co sé nghia la
an~ Az B~ Bx™ khix — 0 (hay x — o0) thi a = 3 ~
(A4 B)z™ néu A+ B # 0.

Nhung khong thé coi tgx — sinx tuong duong vdi x — x.

Trong khi thay thé tuong duong, ta can phdi chi 4, néu la
hiéu hai VCB (hay VCL) tuong duong thi khong dugc thay thé
vl hiéu hai VOB tuong duong la VOB bac cao, con hiéu har VCL
tuong duong la VCL bac thap.

5 St dung qui tac De L’Hospital

Mot trong nhiing ing dung ctia dao ham 1a tim gi6i han ctia ham

s6 nho cac qui tdc L'Hospital. Kho 2 — a, gi6i han cta ty s6

. 00 .

hai ham so thudc dang vo dinh — hodac —, ma lac do ty so
g9(z) 0 00
/

c6 gidi han xac dinh khi x — a, thi limm = limf (x)

9'(x) r=ag(x) g (z)
. 00
Trong truong hop neu lim f/( ) —
. x%ag (,CL') )
va thoa man cac dieu kién ctia qui tac L’Hospital, ta lai ap dung

lai van thudc dang 0 hoac

qui tic nay lan nita va c6 thé tiép tuc nhu thé nhiéu lan (néu
diéu kién théa man).

T —e ™ — 2

Vi du 5.1. Tim [ = lim® |
x—0 xr — S1nx

0 . :
(Gidi han nay thuoc dang vo dinh 0’ dung qui tac L'Hospital,
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r—e "2
ta c6 [ = lim———. Ap dung qui tac L'Hospital mot lan nita
=01 — cosx

ta co [ = 2.

Vi du 5.2. Tth—hm\/__\/_ > 0.
x—)a\/_ — \/_
I

—r3 5

Ap dung qui tac L'Hospital ta c¢6 J = lim 3 =

r—a —1 3%

377

Nén nhé rang, qui tdc L’'Hospital chi 4p dung dé khit dang

0 4
vO dinh 0’ E. Néu gap cac dang vo dinh khac 0.00, oo — oo,
00

£ 2. 32 X 0 oo .. .
ta bien doi de dua ve dang 0’ o bang cach tach mdt nhan ti
00

xubng duéi mau hay quy dong dé c6 mot phan sb.

6 PP Loga hai vé

Khi giip cac giéi han c6 dang [u(z)]**), ta gip cac dang vo dinh
1°,0° 00", Dé khit cac dang vo dinh nay ta ap dung coéng thiic

u’ = e’ véi u > 0,v > 0 va st dung kha nang chuyén qua
limvlnu -
giéi han trong s6 mii ciia ham e* nghia 13 limu? = es—a hoac
r—a

ta goi y = u”, lay loga hai vé va ap dung tinh chat lién tuc cla
ham loga, ta tinh dugc giéi han cia logy, tit dé tim giGi han ctia

y.

m»—‘

Vi du 6.1. Tim gi6i han I = lim(e” + z)=.

x—0
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In(e” + x) e’ +1
lim —————— lim
z—0 T _ ew—>0€x + €T _ 62.
1
In(e” — 1)

Vi du 6.2. Tim gi6i han I = limz

x—0

2 O 2
O day ta c6 dang vo dinh 0 Ta chuyén sang dang mii:

1
z e’ —1 e
1im0m1;1+71 ef_xl s z}iglowex + e
T— —
= € = € = € =
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