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2.1. Co sé cua phuong phap don hinh

2.1.1. Tu tuéng cua phuong phap don hinh
Xét bai toan quy hoach tuyén tinh dang chinh téac

.{f(x) = c'x — min

Az =1b (1)
1
LxZO

trong d6 ¢,z € R",b € R™, A 13 ma tran cap m x n. Gia thiét ring hang
A =m (m la s6 rang buoc clia bai toan).

Da biét rang:

- Néu bai toan c6 phuong an thi c6 phuong an cuyc bién.

- Néu bai toan c6 phuong an t6i wu thi ciing c6 phuong an cic bién t6i
uu.

- S6 phuong an cice bién 1a hitu han.

Do d6 ta c6 thé tim mot phuong dn t6i wu (hay mot 15i gidi clia bai
todn) trong tap hgp cac phuong an cuc bién. Tap hgp nay la hitu han. Vi
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vay Dantzig dé xuat mot thuat toan nhu sau (goi 1a thuat toan don hinh):

Xuét phat tit mot phuong an cuc bien z°. Kiém tra xem z° c6 phéai la
phuong an toi wu hay chua. Néu 2° chua phai la phuong 4n t6i wu thi tim
cach cai tién n6 dé dugc mot phuong an cuc bién khac 1a x' t6t hon theo
nghia f(z!) < f(z"). Qua trinh nay lap lai nhiéu 1an. Vi sé phuong an cuc
bién 1a hitu han nén sau mot s6 hitu han budc lip ta phai tim thiy phuong
an cuc bién t6i wu.

Dé thuc hién thuat toan dé ra & trén, ta can phai lam ré hai van dé sau:

1. Lam thé nao dé biét mot phuong an da cho 13 t6i wu hay chua tic 1a
can tim duge "dau hiéu t6i uwu".

2. Lam thé nao dé tit mot phuong an cuc bien chua t6i wu tim duge mot
phuong an cyc bién mdi tét hon né.

Noi dung tiép sé tra 10i cho cau héi treén.

2.1.2. Biéu dién qua cd sd. DAu hiéu tbi wu

Gia st ¢6 phuong an cuc bien z° véi ca sé J (tdc 1a hé véc to cot doc lap
tuyén tinh {a’,j € J} va J D J*(x) = {j,x; > 0}). Ta 6

Az = b hay b = Zxoaj = Zx?aj (2.1)
J=1 JjeJ
(Viz) =0 Vj¢.J). V6imdik ¢ J, ta biéu dién véc to a* qua céc véc to co
s6 {a’, j€J}:

a® = szkaj (Vk ¢ J).
JjeJ

Gia st x € D 1a mot phuong an bat ky. Ta c6

b= zn:xjaj = Z:Ejaj + Zxkak = ijaj + Zxk szkaj
j=1

jeJ k¢J Jj€J k¢J  jeJ
= (zi+ ) zw)d. (2.2)
jeJ k¢J

Vi {a?, j € J} doc lap tuyén tinh nén ti 1} va 1) suy ra

3;'2 =x; —I—Zij:Ck (Vj S J)
ke J

hay

T =) — Z ZikTr Vj e J (2.3)
kéJ
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Ta goi 1) 14 khai trién ctia mot phuong an bat ky qua co s J. Lai c6:
n
flx)y=ca=3 cjx; =) cjoj+ Y cpag

=1 jEJ kéJ
Thay (2.3) vao duge
fx) =20 (3= 3 zjpwr)ej+ 2 arr = 3, ¢xd— 2 (D 2jkCj—Cr) Tk

jeJ ke J k¢J jeJ j¢J jeJ
Ki hiéu

Ak :ZijCj — Ck (]6 ¢ J)

jeJ

goi la udc lugng cia véc tao cot ap theo co sé J va

fla) = f(=°) =) Ayay. (2.4)

ke J

Nhan xét: do x > 0 nén néu k ¢ J, A, <0 thi f(z) > f(2°), Vo € D do do
ta c6 dau hieu t6i wu sau day:

Phuong 4n cyc bien x° v6i co s6 J 1a phuong an t6i wu thi A, <0, Vk ¢ J.

2.1.3. Tim phuong an cuc bién méi té6t hon-Cong thic
doi co sé

Gia st 2° v6i co s6 J 1a mot phuong an cuc bién nhung chua phai la
phuong an téi wu, khi d6 3k ¢ J sao cho Ay > 0. Gia st s 1a mot chi s6
trong cac chi s6 noi tren: s ¢ J, Ag > 0.

Theo thuat toan don hinh ta can cai tién 2° dé nhan dugc mot phuong
an cyc bien méi ! t6t hon. Nhdm muc dich ké thita tan dung nhiing két qua
& bu6e trude ta sé tim phuong an citc bién méi z! véi co sé J! chi khac J
mot véc to: J1 = (J\r U s), nghia la ta sé dua véc to a® vio co s§ thay thé
cho véc to a” khac bi loai khéi co sé J. Cac véc to a” va a® dudgce lya chon
sao cho z! t6t hon 2°.

Vi moi thanh phan ngoai co sd clia phuong 4n ciyc bién déu bang 0, do
d6 phuong an cyc bien méi x! ¢6 co s6 J1 = (J\r Us) la

ol = {0 vc/’i%k:géJ, k#s (taclak ¢ JY) 2.5)
0 v6i k =s

trong dé 6 14 mot s6 duong sé dude xac dinh sau sao cho z! 14 mot phuong
an cuc bién
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Thay vao ta dugc

2= a0 = 3 suah = — 03 (v € )
ke J

hoac viét dudi dang véc to ! = 2% — 0z°. Tom lai:
(0 voijgJ j+#s
Z'Jl =40 v6ij=s (2.6)
kx? —0z;5 vOi j € J.

Can x4c dinh s6 duong 0 dé x' true hét 14 mot phuong an (théa man nhitng
rang buoc Az = b,x > 0)

Azt = Y zidl+ ) wia) = Y (29—0z55)a’ +0a® = 3 xla!—0 Y 25,07+

j€J idJ j€J j€J jEJ

fa® =b—0a® + 0a® =0,
nghia 13 V6 thi rang buodc thit nhat luén théa man.

Vay chi can chon @ sao cho 2! > 0. C6 hai truong hgp xay ra:

Truong hop a) Néu z;s <0Vj € J = z* >0V > 0 thi 2! 1 phuong an
cua bai toan, nhung do A, > 0:

Fat) = @)~ % Ayt = @) ~ A0 - —o0 (+00).

kdJ

Nhu vay, ham muc tiéu khong bi chin dudi trén mién rang buoc. Khi do6

bai toan khong c¢6 16i gidi hitu han.

Néu 3k ¢ J, Ap, > 0ma z;, <0VjeJthi f(z) — —oo.

Truong hop b) Néu 3j € J dé zj; > 0, khi d6 theo (2.6) s6 6 khong thé
16n tuy y, n6 phai théa man x? —0zjs > 0Vj € J ma z;5 0. Gia tri 6 16n
nhat chi c6 thé bang

0
. Xy . <
min{—-: j € J ma z;; > 0}
Zjs
vugt qua gid tri dé sé c6 mot trong cac (339 —0zj5) < 0 va ' sé vugt khoi

mién rang buoc.

0
e . . A 'CC N
Gi4 sit cyc tieu trén dat tai j = r. Lay # = —— thay vao (2.6 ta dugc

s

(0j¢ g j+s
L0
x;:{Z—maFS (2.7)
0
ix?ﬁ,jEJ
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0
x"”
flat) = f(a) — A== (2.8)
Rrs
. .ol .
Phuong an ! nhan dugc § (2.7) that sy tét hon 2° néu —~ > 0. Diéu nay
ZTS

thay ro tu (2.8).

Pinh Iy 2.1.1. Phuong 4n z* dugc xac dinh theo cong thitc (2.7) 1a phuong
an cuc bién véi co sé J' = (J\r) U s.

Chatng minh. Theo @ suy ra z+ = 0 nén J+(z') C J'. Ta can ching minh
he véc to {a’,j € J'} doc lap tuyén tinh. That vay, gid st > a;a/ =0 ta

jeJt
can ching minh «; = 0, Vj € J!. Ta c6:
0= > wja? = Y o +aa° = Y a;dd +oas ), 207 =
jeJt JE€J,g#r VISP E JjeJ
Yo (o —aszjs)a? + aszpsal.
JE€J g#r

Vi hé véc to {a’, j € J} doc lap tuyén tinh, nén suy ra

{ozj—ozszjs:O, Vied j#r

Og2rs = 0

Viz,s >0nénsuyraas=0,dodéo; =0 (j€J,j#r) Vaya; =0Vj €
Jt={J\r}Us
Vi J*(z') D J! nén he véc to {a?,j € JT(2!)} doc lap tuyén tinh, do
do6 z! 1a phuong an cyc bien va J! 1a cd sé clia phuong an cyc bien z!'. Dinh
Iy dugc chiitng minh. [
Cac cong thiic , cho ta cac thanh phan ciia phuong 4n cyc bién
méi ! cling v6i gia tri ham muc tieu f(x!) thong qua cac hé s6 khai trién
zjk VA cac wde lugng Ay trong co sd J. Dé c¢6 thé tién hanh cdc budc tiép
theo ta can xac dinh céc dai lugng tuong ting zj, va A trong co s6 J*. Theo
dinh nghia zj; va 2}, la cac he s6 khai trién clia véc to a* tuong ting véi co
sé J, JL.
ab = Z zipal = Z zipal (J'={J\r}Us) (*)

jeJ jeJt
) . . ,
E Zjka’ = E Zjka’ = E 2@’ + zppa”. ()
jeJ jeJ JEJ j#r
‘ . 1
Tua® = ) zjsa? = >, alzjs+ zpsa” Vi 2z, > 0 ta céd a” = —(a® —
jEJ JEJ T Zrs
Y. zjsa?). Thay vao () ta dugc:
JjeJ j#r
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E 2k’ = E zjiga! + —(a® — E Zjsa’)
ZrS

jeJ jETjAr jETjAr
Zrk i Zrk
— E (ij — Z—st)aj + Z—CLS. (***)
Jed jtr s rs

Vi {a’,j € J} doc lap tuyén tinh nén tit (¥) va (x#) suy ra:

z
(2% y6i j=s
1 z
Z]C = s z (29)
! izjk—zﬁzjsvai jedj#r

TS

Zrk Zrk
Ap= 2 zpcj—c= 2 (Zx— ——2s)¢j + ——cs —cp = 3 (2 —
jeS! jEJ j#r Zrs Zrs jeJ
k
zr—kzjs)cj + Zchs — ¢k (Vivei j = r thi (z;k — ZT—sz) =0) = () zigc; —
T8 Zrs Zrs jeJ
Zrk Zrk
k) — — > (zjs¢j — ¢s) = A — —=As.
Zrs jed Zrs
Vay
1 Zrk
A=A, — Ag (2.10)
ZT‘S

7), (2.8), (2.9), (2.10) goi 1a cong thitc ddi co s6 tit co 56 J
J\r) U s. Chiing cho phép dua vao két qua bude trude dé
t6 can thiét cho viéc thuc hién budc tiép theo ctia thi tuc

Céc cong thitc (2
sang cd sG J! = (
tim tat ca cac yéu
don hinh.

2.2. Thu tuc don hinh

2.2.1. Cac buéc cua thu tuc don hinh

e Budc xuat phat: Tim mot phuong 4n ciyc bién 2° va co sé J tuong ting.
Tinh cac hé sb khai trién Zjk va cac udc luong Ay,.

e Buéc 1: Kiém tra dau hiéu t6i vu:
a) Néu Ay <0 Vk ¢ J thi 2° 1 phuong an t6i wu. Thuat toan két thic
b) Néu JA;, > 0 thi chuyén sang budc 2.
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e Bué6c 2: Kiém tra dau hiéu ham muc tiéu vé han: V6i mdi k ¢ J ma
A > 0 thi kiém tra cdc hé s6 khai trién 25 ctia cot a® tuong ting.:

a) Néu c6 mot Ay > 0 ma tat cd zj;, < 0Vj € J thi két luan ham muc
tiéu gidm vo han trén mién rang buoc. Bai toan khong c6 16i gidi hitu
han. Thuat toan két thic.
b) Trai lai néu Vk ¢ J ma Ap > 0 déu ton tai it nhat mot he s
zjr > 0 thi tién hanh tim phuong an cyc bién méi tét hon véi co sd
Jt = (J\r) U s theo quy tac sau:
e Budc 3:

- Chon a® dua vao cd s6: c¢6 thé chon bat ky s ¢ J ma uwéc lugng
A, > 0. Thong thuong chon s ¢ J theo quy tac:

Ay =max{A, >0, k¢ J}

(Vi khi d6 ham s6 gidm nhanh nhat)
- Chon véc to a” dua ra khoéi co s§ theo quy tic:

0 0
x . T

§ = — = min{—, z;5s > 0}.
xT‘S rs

e Budc 4: Tinh céc «j, f(a'), A}, zj, trong co s6 méi J' = (J\r)Us cac
cong thic (2.7), (2.8), (2.9), (2.10). Quay lai budc 1.

2.2.2. Tinh hitu han cta thuat toan

Néu bai toan quy hoach tuyén tinh c6 phuong an va khong suy bién thi
sau hitu han budc 1ap theo thi tuc don hinh ta sé tim thay phuong an toi
uwu hoac phat hién ra bai toan ¢6 ham muc tiéu giam vo han hay bai toan
khong c6 161 giai hitu han.

0

That vay, vi bai todn khong suy bién nén 29 > 0 Vj € J nén 6 = :—’" >0

T8
suy ra 21 # 20, f(z!) < f(2") nghia 1a 2! thuyc sy t6t hon 2°. Sau mdi buée
lip, néu khong xay ra trudng hop 2a) thi ta luon tim duge mot phuong an
méi thyc sy tot hon phuong an cii, tic 1a khong bao gio trd lai phuong an
da di qua. Vi s6 phuong an cyc bién 1a hitu han nén sau hitu han budc lap
ta phai tim dudc phuong 4n cie bién téi wu.

2.2.3. Bang don hinh

Dé thuat tien cho viéc tinh toan theo thii tuc don hinh ngusi ta sap xép
cac s6 lieu thanh mot bang goi 1a bang don hinh dudi day (Bang 2.1):
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Cosd | c¢; | Phuong éan 1 2...k ..n
J Xy Ci1 C2 ... Ck ... Cp
Jl Cj1 Tj1 Zj11 2§12 - Zjik - Zjin
J2 Cj2 Zj2 Zjal Zjo2 v ok s Zjon
Jm Cim Tim Zjml Zjp2 oo Zjnk e Zjan
f(X) Al AQ Ak An

Luu ¥ phan bang danh cho céac he s6 khai trién z;k :

- Cot ttng vdéi cac j € J sé 1a cac véc to don vi véi s6 1 nam trén dong
v6i chi sb j.

- V6i k ¢ J thi cot k clia bang don hinh 1a hé s6 khai trién ctia cot a®
clla ma tran A theo co s§ J. Ta ki hiéu cot nay 1a z* nghia la o = Ajzk
hay ¢ = A;lak, § day A; 1a ma tran c6 cac cot a’/,i € J. Ma tran A; goi
14 ma tran co sé. Néu ma tran A c6 m cot 14 cac véc ta don vi va ta chon
chiing lam co s§ xuat phat, thi ma tran co sé A; 1a ma tran don vi, khi d6
2P = a¥(k =1,2,...,n) va phan bang danh cho cac hé s6 khai trién zj; trd
thanh ma tran chinh A.

- Dong udc luong: 1a dong cudi cuing clia bang.

- Gi4 tri ham muc tieu: f(x) = i cir; =y, cix; (Viz;=0Vj¢J)=

Jj=1 jed
f(x) = chx;.
- Ubc lugng Ay, = Y zjkc; —c = cg.zk—ck. (Luu y rang: A, =0 Vj € J).

JjeJ

2.2.4. Thu tuc don hinh trén bang

e Budc 1: Kiém tra dau hieu t6i wu: Ay < 0 Vk.
- Néu Ay, < 0 Yk = Phuong an z° dang xét 14 phuong an toi wu.
- Néu 3A;, > 0 thi chuyén sang buéc 2.

e Buéc 2: (Kiém tra dau hiéu ham muc tiéu gidm vo han: c6 A, > 0 va
cOt tuong ting gom toan cac phan tit khong duong zj, < 0 Vj € J)

- Néu ¢6 Ap > 0 va zj, < 0Vj € J thi bai toan khong c6 phuong an
t6i wu (htu han) vi ham muc tiéu gidm vo han trén mién rang buoc.

- Néu VA > 0,35 € J dé z;; > 0 thi chuyén sang budc 3.
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e Budc 3: (Xac dinh cot xoay, dong xoay, phan tit truc).
- Chon chi 86 s : Ay = max{Ag, Ay > 0}, danh dau cot s 1a cot zoay.

0 0

° Z . Z . T z A N

- Tim chi 86 r dat min § = —— = min{—L : z;5 > 0} danh dau r la
TS js

dong xoay.

- Phan tit 2z,, nam trén dong xoay va cot xoay goi 1a phan ti truc.

e Bué6c 4: Tién hanh cac tinh toan theo cic cong thic doi co sé (,
(2.8), (2.9), (2.10)). Ghi nhan céc két qua trong mot bang méi. Quay
ve buéce 1.

Nhan thay cic cong thiic déi co sé (2.7), (2.8), (2.9), (2.10) dé tinh
Tj, 2k, f(x), A tuong tu nhu nhau. Do dé6 dé nhan dugc bang don
hinh mdéi tit bang don hinh ci ta lam nhu sau:

- Thay xz, bang z,, ¢, bang c;.

- Chia céc phan tit trén hang xoay (hang r) cho phan tit truc z,, ta
duge hang » méi goi 14 hang chuan.

- Mbi phan ti khac ngoai hang xoay trit di tich clia phan ti cling hang
v6i né trén truc xoay véi phan t cling cot v6i né trén hang chuan duge
phan ti cliing vi tri trong bang don hinh méi.

Phan i can tinh lai

Phan tir truc

[ Hang xoay->hang chuin (sau
khi chia céac phan tir cho D)

Hinh 2.1:

C
1— —_
A=A B

Vi du 2.2.1. Giai bai todn quy hoach tuyén tinh sau:

f(x) =21 — w9 — 224 + 225 — 3T — min
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Ifx1+x4—|—x5—x6 =2
'$2+x4—|—x6 =12
{$3+2$4+4$5+3$6 =9

\z; 20 (j=1,..,6)

Chon co s6 xuat phat J = {1,2,3}. A, 1a ma tran don vi, do d6 ta c6 ngay
béng don hinh xuat phat sau (bang 2.2):

Jle |z |1 2 3 4 5 6
1 -1 0 2 2 -3

121 0 0 1 -1
1012]0 1 0 1 0 1

0] 9|0 0 1 2 4 3
1000 0 0 2 -1 1

Cac buédc cua thu tuc don hinh:
+ C6 Ay > 0,Ag > 0. Dau hiéu t6i wu chua théa man, chuyéen sang budc

Tren cac cot 4 va cot 6 (c6 Ay > 0) khong nhat thiét tat cd z;, <0 (V5 €
J) trudng hop bude 2a) khong xay ra

+ Tién hanh déi co sé:

Chon chi s6 s : Ay = max{Ay; = 2,Ag = 1}. Chon cot 4 lam cot xoay
(dua a* vao co s6).
Chon chi s r: 6 = min{g, 9, 9} _2m — r =1 chon hang 1 lam
111 1 214
hang xoay (dua a' khéi co s§). Phan ti truc 1a 214 = 1 (trong khung). Tién
hanh tinh toan theo cac cong thic doi co sé ta dude bang don hinh sau:

Tat cd Ax <0 (k =1,..,6). Phuong an t6i uu la: z* = (0,8,0,3,0,1) va
f(z*) = —1T7.

Vi du 2.2.2. f(x) =621 + 22+ 23+ 314 + x5 — Txg + 7 — min
I{—x1+x2—x4+x6:15

D - 2371_373""2376:_9
. {4$1+2.§C4+$5—3$6=2

e, >0(=1,...6)

D6i dau dé c6 véc to don vi. Xét
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J ¢ | x 1 2 3 4 6
1 -1 0 -2 -3
202 1 0 0 1 -1
(10| -1 1 0 0 -1 @2
o5 -2 o 1 0 2

-14 -2 0 0 0 -3
Cot xoay: 6, dong xoay: 3, phan tit truc 23 =
a2 335 0 1/5 1 7/5
21| 8 [-1/5 1 -2/5 0 -9/5
63| 1 |-2/5 0 1/5 0 2/5
A7 |-4/5 0 -3/5 0 -21/5

Ol O O | w

g(z) = 61 + 22 + x3 + 3T4 + 5 — Txg — min

!—$1+$2—$4+$6:15
I—2£U1—|—LE3—2336:9
{4x1+2x4—|—x5—3x6:2
I

lz; >0(=1,...,6)

(2)

Nghiém z* ctia (2) cling 1a nghiém cia (1) va f(z*) = g(z*) + 7. Néu (2)
khong c¢6 phuong an t6i wu thi (1) ciing khong ¢6 phuong an tdi uu.
Bai toan (2) ¢c6 Ay = {a?,a®,a’} 1a ma tran don vi. Co sé J = (2,3,5).

Jle |z |1 2 3 4 5 6
6 1 1 3 1 -7
1151 1 0 -1 0

1 2 0 1 0 0 -2
501124 0 0 2 1 -3
26 (5 0 0 2 0 -3
6|-7|15|-1 1 0 -1 0 1
103 |4 2 1 -2 0 0
1471 3 0 -1 1 0
192 -3 0 1 0 0

Ton tai Ay > 0 ma moi phan ti trén cot 4 déu < 0. Bai toan khong c6
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phuong an t6i wu httu han. (1) khong ¢6 phuong an toi uu.

Chi y: Khi thuyc hién trén bang don hinh nén tinh hang cudi cung gom
cac udc lugng Ay va cot x; trude. Vi néu c6 Ay, <0, Vk thi ta ¢6 phuong an
t6i wu va khong can tinh cac thanh phan z;; trong bang nita.

2.3. Tim co sé xuat phat

Dé c6 thé bt dau thi tuc don hinh, ta gia thiét c6 sn mot phuong an
xuat phat va co sé tuong tng ciia né6 13 J. Hon nita, ta luon gid thiét rang
rankA = m, nghia 13 cidc dong clia ma tran A 14 doc lap tuyén tinh. Trong
thyc té khong c6 diéu gi ddm bao diéu nay cd, tham tri mién rang buoc co
thé rdng, tic 1a bai toan khong c6 phuong an chap nhan dudgc.

Phan nay gitp ta gidi quyét hai van dé trén. Cho bai toan quy hoach
tuyén tinh bat ky, can chi ra cach tim mot phuong an cyc bién va cd sé
tuong ing hoac chiing t6 bai toan khong c6 phuong an.

2.3.1. Phuong phap hai pha

Xét bai toan quy hoach tuyén tinh dang chinh tic:

n

f(z) = chxj — min

j=1

(z": ,
ai;ri =0b; (i=1,2,....,m)
D:Qi= (I)
Zj > 0 (j = 1,2, ,n)
khong gidm tong quat coi b; > 0 (Vi = 1,2, ...,m). Néu trai lai c6 b; < 0, ta
nhan hai vé rang buoc thi i v6i —1.
Xét bai toan phu sau:

f(x,u) = ups1 + Upyo + .. + Upysm —> min

I{ YT+ Up = by (1=1,2,...,m)

/ . 7j=1
D '{a:jZO(jzl,Z,...,n) (P)

(Unti >0 (i=1,2,...,m).

Cac bién wu,yq, (1 = 1,2,..,m) goi la cac bién gid. Néu ky hieu e =
(1,1,...,1)* 1a véc to gom m thanh phan déu bang 1, con F 13 ma tran
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don vi cing cap m, thi dang ma tran ctiia bai toan (P) la

f(z,u) = e'u — min

(P)

“lz>0,u>0.

Bai toan (P) ciing la bai toan quy hoach tuyén tinh dang chinh tic véi

m + n bién. Dbi v6i bai toan (P) ta c6 ngay phuong an ciyc bién xuat phat

(x,u) = (0,b) ticlacoz; =0 (j =1,2,..,n),up+; = b; (1 =1,2,...,m) va

cd sG tuong ting 1a m cot cudi va ma tran co s6¢ A; = E, nghia la rat thuan

lgi dé bat dau thi tuc don hinh. Bai todn phu (P) gitp ta gidi quyét van dé

phuong an ciyic bién va co sd xuat phat clia bai toan ban dau (I) nhu sé thay
duéi day:

Dinh 1y 2.3.1. Bai todn ban dau (I) c¢6 phuong an chap nhan dugc khi va
chi khi bai toan phu (P) c6 phuong 4n toi wu vdi tat ca cac bién gid un.;
déu bang 0 (1 =1,2,...,m).

Ching minh. (=) Gia st (I) ¢6 phuong an (z) = (z1,x2,...,Ty,) thi 0
rang (P) ¢6 phuong an (z,0) = (21, 22, .., Tp, 0,0, ...,0) va ¥(z,u) € (D) ¢6
f(z,0) > 0= f(z,0) = moi phuong an dang (z,0), (z € D) déu la phuong
an to1 uu clia bai toan (P).

(<) Ngugc lai néu (P) c6 phuong an t6i vu (z*,u*) véi u* = 0 thi x*
1a phuong an ctia (I). Ta con can chiing minh néu (P) ¢6 phuong an tdi uu
(z*,u*) v6i u* # 0 thi (I) khong c6 phuong édn. That vay, gid sit ngudc lai,
bai toan (I) c6 phuong én (z(z1,x2,...,z,). Khi d6 (x,0) la phuong an cua
bai todn (P), nhung vi u* # 0 nén f(z*,u*) = e'u* > 0 = f(z,0). Mau
thuan véi gia thiét (z*,v*) 14 phuong an toi uu. O

Qua4 trinh giai bai toan (P) goi 1a pha thit nhat trong phuong phap hai
pha. Gi4 st sau pha thit nhat nay ta nhan duge phuong an téi vu (z*, u*)
ctia bai toan phu (P). C6 3 kha nang:

a) Néu u* # 0 thi két luan bai toan ban dau (I) khong c¢6 phuong an.

b) Néu u* = 0 va co sd tuong ting gom toan cac cot tng véi x;, khong
chita cot nao tng véi cac bién gid u,; (1 = 1,2,..,m). Day chinh 1a phuong
an cuc bién va cd s§ xuat phat dé bat dau pha thid hai, tic 1a bit dau tht
tuc don hinh dbi v6i bai toan ban dau ().

¢) u* = 0, nhung co s6 tuong tng c6 chita mot s6 cot ing véi cac bién gia
U Ta can xét k¥ hon truong hgp nay. Ky hiéu J, 1a tap cac chi s6 trong
cd 8O ung voi cac bién z;, J, 1a tap cac chi sO trong co sG ting véi cac bién
gia upyi, J = Jp U Jy.

Truong hop C1: Néu trén dong c6 chi s6 (n +4) clia bang don hinh cudi
ciing clia bai toan (P) ta tim dugc mot chi s6 k ngoai co s6 (1 < k < n) sao
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cho 2,4k # 0 thi ta thuyc hién phép bién ddi co s6 v6i phan ti& truc 13 2,44 x
dé dua (n + i) ra vi dua k vao co sd, ta sé nhan duge mot co sé mdi trong
d6 da dugc bét di mot cot tng v6i bién u. Lap lai cach lam nay ta sé loai
hét cac cot tng v6i bién gid u va sé nhan dugde co s6 xuat phat cho bai toan
ban dau (I) gom toan céc cot clia ma tran A.

Truong hop C2: Trén dong chi sén + ¢ clia bang don hinh cudi cliing cla
bai todn (P) khong tim dugc chi s6 k ngoai cosé (1 <k <n) ma z,4ik # 0
thi ta két luan rang dong ¢ clia ma tran A la to hgp tuyén tinh ciia cdc dong
con lai. That vay, vi ma tran co s xuat phat dé giai bai toan (P) 1a ma tran
E, nén phan hé sb z;; trong bang don hinh 1a (4, E). Céc tinh toan trén
bang don hinh gom viéc nhan mot dong véi mot s6 hodc nhan mot dong véi
mot s6 roi cong vao dong trude. Truong hgp C2 nghia 1a trén dong chi s6
n -+ 1 clia bang don hinh, phan t tuong tng v6i « hoan toan bang 0 sau cac
phép bién ddi tren. Didu nay néi lén ring dong i ciia ma tran A la t6 hgp
tuyén tinh ctia cac dong con lai. Ta c6 thé x6a dong nay di va dong thai co
theé loai boé luon bién gia wu,; tuong ing.

Tém lai, trong ca hai truong hop C1, C2 ta déu loai dugce cac cot ing véi
bién gid u khoi co s¢ dé nhan duge mot co sé gom toan cot dng véi bién .
Day 1a co sé xuét phéat dé gidi quyét bai toan ban dau.

Chii 1j: Néu trong s6 cic cot clia ma tran A c¢6 mot cot 1a véc to don vi
v6i phan tit bang 1 tai dong ¢ thi ta khong can thém bién gid u,,; tuong
tng véi dong i, sd bién gia chi 1a m — 1 va co s§ xuat phat dé giai bai toan
(P) sé& gom cot nay va m — 1 ¢t ting vdi cac bién gid. C6 bao nhiéu cot clia
A 13 ma tran don vi thi ta b6t di bay nhiéu bién gia.

Vi du 2.3.1. Giai bai toan quy hoach tuyén tinh
f(x) = —3z1 + 22 + 323 — x4 — min

I{x1+2x2—x3+x4:2
| 221 — 629 + 323+ 324 = 9
{561—562+x3—:c4:6

\z; >0, (j=1,2,3,4)

Ta dua thém cac bién gid us, ug, ur.
Pha 1. Giai bai todn quy hoach tuyén tinh phu

f(x,u) = us + ug + vy — min

I{$1+2$2—$3+$4+U5:2
1

{2x1—6x2+3x3+3x4—|—u6:9

T1—To+T3— T4 +u; =206
1

t:[:j 2 07 (] = 1a27374>7u4—|—i 2 07 (Z = 17273)
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Jle | (z,u); | 1 2 4 5 6 7
0O 0 0 0 1 11

1| 2 2 -1 1 1 0 0

1 9 2 6 3 3 0 1 0

1 6 1 -1 1 A 0 0 1
17 |4 5 3 3 0 0 0

1|0 2 1 2 -1 1 1 0 0
61| 5 0 -10 1 110
711 4 o 3 2 2 1 0 1
9 0 -13 7 -1 4 0 0

1|0 3 1 0 0 6/5 3/5 1/5 0
300 1 0o -2 1 1/5 -2/5 1/5 0
7 2 0 0 -12/5 -1/5 -2/5 1
2 0 1 0 -12/5 -6/5 -7/5 0

0 3 1 0 0 6/5 3/5 1/5 0
0 5 0 0 1 -23/5 -4/5 -3/5 2
0 2 0o 1 0 -12/5 -1/5 -2/5 1
0 0O 0 0 0 11 A

Két thic pha thit nhat ta nhan duge phuong an t6i vu ctia bai toan (P) 1a
(x*,u*) = (3,2,5,0,0,0,0) véi co s6 tuong ting 1a J = {1,2,3} = {at, a3, a’}.

Ta c6 truong hgp b) vi trong phuong &n t6i uu ciia bai toan (P) ¢6 u* = 0
va ¢o 86 tuong ting chi gom cac cot tuong ting véi z. Lay z* = (3,2,5,0,0,0,0)
v6i co sd {1,2,3} xuat phat dé gidi bai toan ban dau, suy ra pha tht hai ctia
phuong phap don hinh la:

Jle |z | 1 2 3 4

-3 1 3 -1
11331 0 0 6/5
313|510 0 1 -23/5
2111210 1 0 -12/5
8 10 0 0 -94/5

Bang trén nhan duge tit bang don hinh cudi cuing ciia bai toan (P) bang
cach bo di cac cot tuong tng voi cac bién gia, thay cot ¢; bang cac he s6
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tuong ting vdi bai toan dau va tinh lai f(z) va Ay theo bai toan xuat phat.
Bang don hinh nay cho thay da théa man t6i wu. Vay nghiém can tim

z* = (3,2,5,0) va f(z*) =8

Vi du 2.3.2. Giai bai toan quy hoach tuyén tinh sau:

f(x) =21 + 429 — 223 — min

!x1—2x2+x3:27
'2:1:1 + x9 + 223 = 50
{xl—x2—$3+x4:18
lz; >0 (j =1,2,3,4)

Xét

f(x,u) = us + ug — min

I{$1—2$2+$3+U5:27
| 221 4+ 2o + 223 + ug = 50
{xl—x2—$3—|—$4:18

lxj 2 0 (.7 == 1,2,3,4),U5,U6 Z 0

JI1C | (xyu)y |1 2 3 4 5 6
0 O 0o 0 1 1
, 27 1 -2 1 0 1 0
50 2 1 2 0 0 1
41 0 18 1 -1 -1 1 0 0
7 3 -1 3 0 O 0
o 1 2
0 25
410 -5
0 -5/2 0 0 0 -3/2

Diéu kieén t6i wu da théa man. Phuong an t6i uu cta (P) 1a (z*,u*) =
(25,0,0,-5,2,0) ¢6 u* = 2 # 0.
Vay bai toan ban dau (I) khong c6 phuong an.

Vi du 2.3.3.
f(x) = 3x1 + 29 — 323 — max

39



Quy hoach tuyén tinh

{:cl + 229 — 33 = 2
—10x2 4+ b3 =5

1 —3x9 + 2x3 =95

lz; (j=1,2,3).

g(z) = —3x1 — 22 + 3x3 — min

r1 + 219 — 323 = 2
—10xo + 523 =5
—3T9 + 223 =95

z; (j=1,2,3).

o e N

Xét (P) :

g(x) = ug + us — min

I{$1+2$2—31’3:2
| —1029 + b3 +ug =5
1—3$2+2$3+U5:5

tajj (j == 1,2,3),U4,U5 2 0

J1Cy|(wuy |1 2 3 4 5
o 0 0 1 1

1] 0 2 |1 2 -1 0 0
411 5 |0 -10 11
51 1 4 |0 -3 2 0 1
9 |0 -13 7 0 0

0 3 |1 0 0 1/5 0
0 1 |0 -1 1 1/5 0

1 3 |0 0 -2/5 0

2 |0 1 0 -7/5 0

0 3 |1 0 0 1/5 0
0 5 |0 0 1 -3/5 2
0 2 |0 1 0 -2/5 1
o |0 0 0 -1 -
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Sau pha 1 nghiém ctia (P) 1a: (2°,4°) = (3,2,5,0,0) véicosd J = {1,2,3}
gom toan cac cot tuong tng véi x. Dung 20 = (3,2,5) véi J{1,2,3} lam
phuong 4n va co s6 xuat phat gidi (I).

JI1Cylaxy | 1 2 3
-3 -1 3

3131 0 0

3 510 0 1
2(-1 210 1 0
4 10 0 0

Didu kien t6i vu da thoa man. Suy ra nghiem ctia (I') 1a z* = (3,2,5) va
g(z*) = 4.
Vay nghiém ctia bai toén (I) la x* = (3,2,5) va g(z*) = —4.

2.3.2. Phuong phap danh thué

Phuong phéap hai pha cé nhuge diém 14 qua trinh tinh toan khong lién
tuc ma chia thanh hai giai doan téch biét: giai bai toan phu (P) dé tim co
sd xuat phat sau d6 méi giai bai toan ban dau. Ham muc tiéu trong hai giai
doan nay 14 khac nhau nén mot s6 két qua tinh khong ké thita duge. Phuong
phap danh thué dudi day khic phuc nhuge diém nay bing cach két hop ca
hai giai doan d6 véi viec thay bai toan ban dau bang bai toan (M) sau day:

fu(z,u) = Z ¢+ M(Z Up4i) — Min
j=1 i=1

mn
:{ Zl aijTi + Unti = by (1=1,2,...,m)
‘7:

Dy .
M {a:jEO(j:l,...,n)
(Unti >0 (i=1,.,m)

trong d6 (M) la s6 duong du lén (tic 1a 16n hon bat ky sd ndo can so
sanh v6i n6). Mot céch tryc giac thay rang sé bi danh thué rat ning khi c6
Uyy; khién cho trong phuong an t6i wu ctia bai toan (M) (z*,u*) budc phai
¢6 uk,; = 0 (V1,...,m). Phuong an t6i uu d6 dong thoi dat cyc tiéu ham
n
f(x) =ctz = c¢jzj trén mien D = {x : Az = b,z > 0} tic 1a cho z* 1a
i=1
phuong an t6i wu clia bai toan ban dau. Mat khac déi véi bai toan (M) co6
day du cac diéu kien dé thuyc hién thi tuc don hinh vi ta c6 ngay phuong an
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xuat phat (0,b) v6i co s 1a cac vée to cot don vi ting v6i cac u,y; (ma tran
co s6 la E).

Dinh 1y sau day vé moi quan he gitta hai bai toan (I), (M) cho thay ¥
tudng trén hoan toan dung dan.

Dinh ly 2.3.2. Ton tai s6 duong M, dii 16n dé VM > M, thi

a) Néu bai toan (I) c6 phuong 4n thi moi phuong an cic bién t6i uu
(z,u) cta bai todn (M) phai c6 u = 0.

b) Bai toan (I) c¢6 phuong an toi uwu x* khi va chi khi bai todn (M) c6
phuong an to6i uu (z*,0.)

Chaing minh. Vi Dys ¢6 dinh (it nhat cling ¢6 dinh (0, b)) nén theo he qua
cua dinh 1y 1.5.2 ta c6:

V(x,u) € Dy : (z,u) = Z o (2%, uF) + Z Br(y", s, (1)

kel hels

trong d6 (z¥,u*), k € I 14 cac dinh ctia Dar;a5 >0, >, ar =1, (¢, s") €
kel

Dy 1a cac huéng vo han ctua Dy, B, > 0, (h € I3).

Dit (@) = 32 s glu) = 3 g 66 fur(@0) = f(a)+ Mo(w). K

hiéu:

s1 = {(z*,u*); k € [} ma g(u*) > 0}

sy = {(h" s");h € I, ma g(s") > 0}.

Gia sit bai toan (I) c6 phuong an Z. Ta c6 thé chon My duong di 16n sao
cho VM > M thi

V(z*, ub) € 8y thi f (2", u”) > f(7)

Y(y", s") € Sy thi far(y", s") > 0.

a) ViT € D nén (z,0) € Dy va far(7,0) = f(T), do d6 cac dinh cta Dy
chi c6 thé 1 t6i wu néu né khong thuoc S; hay g(u) = 0 suy ra u = 0.

b) (=) Gia st bai toan (I) ¢6 phuong an t6i wu z* thi (z*,0) 1a phuong
4n cyc bién ctia bai todn (M). Vi V(z* u*) ¢ S; thi g(u*) = 0 nén

fu (@, u®) = f(z*) > f(2*) = fur(2”,0) (2)
Vi V(yt, sh)) & Ss thi g(s") = 0 tiic 1a s = 0. Do (2*,0) + (y",0) c6 dang
(1) nén (2*,0) + (y",0) € Dy ma (z*,0) + (y*,0) = (z* + y",0) suy ra
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v* +y" € Dt do f(a* +y") > f(z*) hay f(z*) + f(y") > f(z*). Suy ra
fly") > 0.
Vay V(y",s") ¢ Sy thi far(y",s") = f(y") > 0.

V(z,u) € D c6 fy(s,u) = kZ; ap far(2F, uF) + h% Brfuyh, sh) =
el €52

> owfu(@uh)+ X Bufu(yt s+ X € Safu(ytst) > X anf(at) =

xk ukeS; yh, sh yh, sh kel
f(x*) = fM(x*>O)'

Do d6 ¢6 phuong an t6i wu ciia bai toan (M).

(<) Néu (z*,0) la phuong an t6i wu ctia bai toan (M) thi

Vz € D c6 f(x) = far(w,0) = far(a”,0) = f(z").

Vay x* 1a phuong an t6i wu ctia bai toan (I). O

Khi 4p dung phuong phap danh thué ta khong can thiét phai biét cu thé
gia tri ctia M. Ta chi can coi M 1a mot s duong du 16n, 16n hon bat ky s6
nao can so sanh vdi no.

Vi ham muc tiéu ciia bai toan (M) biéu dién tuyén tinh qua ham muc
tiéu ctia bai toan (1) va bai toan (P),

Sz, u) = f(x) + Mg(u)

n
trong d6 f(z) = ) c¢jz; la ham muc tiéu cta bai toan (I) con g(u) =
j=1

m
> Upy; 1a ham muc tiéu ctia bai todn (P) nén
i=1

A = Ay + MAD,

O day A,(ﬁM), Ay, A,gp) la cac w6ce lugng cuia bai toan tuong ting (M), (1), (P).
Khi so sanh céc A,iM) ta chi can tuan theo quy tic sau:

a) Coi A,(CM) > 0 néu A,(cp) > 0,VA, hoac A,(CP) =0,A; > 0.

b) Coi AM > AM) ngu AP > AP YA Ay hodc AP = AP AL > A,

Ciing vi thé trong bang don hinh ciia bai toan (M), dong cudi cung ghi
cac udc luong A,EZM) dugc chia thanh hai hang: hang trén ghi cac AF (uwée
lugng ctia bai toan (I), tng véi M=0), hang dudi ghi céc Aép) (u6c lugng
clia bai toan (P), tng v6i M =1,¢; =0 (j =1,...,n)).

Két qué giai bai toan (M) bang phuong phap don hinh sé roi vao mot
trong 3 truong hgp sau day:

a) Nhan dugc phuong an t6i wu (z*,u*) véi u* = 0. Lic d6 z* 1a phuong
an toi uu cia bai toan ban dau.
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b) Nhan duge phuong an t6i vu (z*, u*) véi u* # 0, ta két luan bai toan
ban dau (I) khong c6 phuong an.

c¢) Phat hién ra rang bai toan (M) c¢6 ham muc tiéu khong bi chan dudi
trong mién rang budc. Néu co sé tuong tng khong c6 cot nao dng véi cac
bién gia thi day cling 1a mot co sd ctia bai toan (I), ta két luan bai toan (1)
c6 phuong 4n nhung ham muc tiéu khong bi chian duéi trén mién rang buoc
nén khong c6 phuong an toi wu.

Néu cd s6 van con cot ting véi bién gia thi dé biét bai toan (I) c6 phuong
an hay khong ta phai stta lai ham muc tiéu bang cach cho tat cd ¢; =0, (5 =
1,...,n), M =1 va tién hanh tht tuc don hinh giii bai toan (P) nhu trong
pha ban dau cia phuong phap hai pha.

Vi du 2.3.4. Giai bai toan quy hoach tuyén tinh sau bang phuong phap
danh thué
f(x) = =3z1 + 22 + 3x3 — x4 — min

I{SE’1—|—2$2—$3—|—SE4:2

| 221 — 629 + 323 + 324 = 9
{331—962—!-333—3:4:6

1

\z; >0, (=1,2,3,4)

bai toan (M) la:
fu(z,u) = —=3x1 + 20 + 323 — x4 + Mus + Mug + Mu7 — min
Ifxl + 229 — 23+ T4 + us = 2

| 221 — 629 + 323 + 3T4 +ug = 9
{x1—$2+x3—x4+u7:6

lz; >0, (=1,2,3,4), usrs (u=1,2,3)

Phuong an cyc bién xuat phap 1a (z,u) = (0,0,0,0,2,6,9), co s6 tuong
ung la: J = {5,6,7}.

Ta c6 bang don hinh va sau ba lan déi co s6 ta sé tim dudc 15i giai clia
bai toan.

Diéu kién t6i wu da théa man vi

AM <0 (k=1,.,6; AM = Ay — M < 0) khi M d lon.

Suy ra phuong an tdi wu la z* = (3,2,5,0) va gia tri toi wu f(z*) = 8.
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