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3.1. Ham Lagrange. Bai toan déi ngiu

3.1.1. Ham Lagrange
Xét bai toan quy hoach tuyén tinh dang chuan tic:

.{f(a:) = ¢’z — min
1szb (P)
kaO

Dinh nghia 3.1.1. Ham L(z,y) = c'z+ (b— Az)'y x4c dinh véi z € R,y €
R’ goi la ham Lagrange ctia bai toan treén.

Diém (z*,y*) € R} x y € R7 goi la diém yén ngua ctia ham Lagrange
F(z,y) néu L(z*,y) < L(z*,y*) < L(z,y*), Yz € R,y € R},
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Quy hoach tuyén tinh

3.1.2. D6i ngau ctia bai toan quy hoach tuyén tinh dang
chuan tic

R6 rang Vo € R% thoa méan dieu kién Az > b thi b — Az <0, do d6

maxL(x,y) =

{cta: néu z € R théa man Az >b
y

+00  néu trai lai
Vay bai toan quy hoach tuyén tinh (P) hoan toan tuong duong véi bai toan:

minmaxL(z, y). (*)
z oy

Dai thit tur 14y cyc tri trong bai toan () ta c6 bai toan

maxminL(x,y). ()
y T

Bai toan () goi la bai toan gbc, (**) goi la bai toan d6i ngau
bat

n m m n
9(y) = minL(z,y) = mwin{; ¢j; + 21 bii = D D Gijayu )}
j= i=

i=1 j=1
m n m
S NTED WO Se)
i=1 j=1 i=1

¢ fu ¢ > At
= min{b'y + (c — A'y)z} = {b Y nen o= 2

—00  néu trai lai
Vay bai toan (k%) chinh la bai toan:

.{bty — max
Aly <c ciing c6 thé viét y'A < ¢
v =0.

3.1.3. D6i ngau cua bai toan quy hoach tuyén tinh dang
chinh tac

Xét bai toan quy hoach tuyén tinh dang chinh tic

.{ctx — min
1Ax:b (P)
Ly =0.
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Quy hoach tuyén tinh

Dé nhan dugc bai toan quy hoach tuyén tinh dang chuan tic bing cach
thay rang budc ding thitc bdi hai bat dang thic, ta c6 thé viét bai toan (P)
dudi dang

I(ctx — min
j Az > b
{ —Ax > —b

Ly >0.

Lai lap lai cach lam nhu trén 6 3.1.2 ta nhan dugce bai toan déi ngau sau day
v6i hai nhém bién u,v dng véi hai nhom rang buoc Az > b va Az < b;

I{btu + (=b")v — max
| Atu+ (—A)tv > ¢

1 —Ax > —b

I(u > 0;v>0.

Bay gio dat y = u — v thi bai toan trén tré thanh

.{bty — max
Aty <c (Q)
t(y c6 dau tuy ¥).

Bai toan (Q) 1a bai toan quy hoach tuyén tinh d6i ngau ctia bai toan quy
hoach tuyén tinh chinh téc (P)

Vi du 3.1.1. Bai toan goc Bai toan do6i ngau
!2:1:1 + r3 — x4 — min |(4y1 — 3y2 + 6y — max
b 4 30y 4y = 4 Eyl+2$222
221 + 12 = —3 j 3y1 + Y2 +y3 <0
i:l:2+4x3+$4—6 {I4y3§1
lz; >0, j=1,..4 Py ys < 1

U(y1, 42,43 c6 dau tuy ¥)
3.1.4. D6i ngiu cua bai toan quy hoach tuyén tinh tong
quat
Dé dé hinh dung ta xét truong hgp m = 2,n = 3.
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Quy hoach tuyén tinh

1) Gid si bai toan goc la

f(x) = c1z1 + cox2 + c3x3 — min

|{a11331 + a1272 + ai3x3 > by (1)
{ a2121 + a22%2 + a23x3 = by (2)
€7 >0 (j=1,2,3) (3)

Ta dua né vé dang chinh tic bang cach dua thém bién bt x4 > 0 ta c6

f(x) = c1w1 + coxo + c3x3 + Oxy — min

|{CL11$1 + a12T2 + 1323 — T4 = by
{ a21%1 + 2222 + a23T3 = b

Bai toan doi ngau sé la:

9(y) = byy1 + bays — max

(a11y1 +agiys < 1

{ a21Y1 + a22y2 < C2
| 13y + as1y2 < c3
-1 +0.2 <0 (4)

Rang budc (4) cho ta y; > 0;92 tuy ¥ ( do d6 khong c6 rang buoc vé
dau). Vay bai toan ddi ngau ctia bai toan (1), (2),(3) la:

9(y) = bry1 + bays — max

(a11y1 + aziys < &1
1

1 a21Y1 + a2y < C2

| a13y1 + az1y2 < c3

Ly1;>0 y2 ¢6 dau tuy y.

Nhu vay trong bai toan géc néu c6 rang budc thit i 1a rang budc batdang
thitc ”>” thi trong bai toan déi ngau phai c6 diéu kién y; > 0. Néu trong bai
toan gbc, rang budc thic j 1a rang budc déng thic thi trong bai toan dbéi
ngau bién y; khong rang buoc vé dau.
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Quy hoach tuyén tinh

2) Gia stt bai toan goc la
f(x) = c1z1 + coxo + c3x3 — min
|{0611901 + a1272 + a13x3 = by
a21%1 + 2272 + a2373 = by
(21 =05 22,23 >0
bat t; = —z1. Ta c6 bai toan
f(iC) = —c1t1 + a2 + c3x3 — min

!—011151 + a1272 + a13x3 = by
—ag1t1 + a2 + az3r3 = bo

Lt1,$2,$3 Z 0

Bai toan ddi ngau la

9(y) = biy1 + bays — max hay g(y) = biy1 + bays — max
[—a11y1 — arys < —c (a11y1012y2 > &1

{' a21Y1 + a22Yy2 < C2 {' a21Y1 + a22y2 < C2

| a13y1 + a23y2 < c3 | a13y1 + a23y2 < c3
Ly1,y2,y3 6 dau tuy ¥ Ly1,y2,y3 6 dau tuy y

Nhu vay, néu trong bai toan gbc cé bién x; < 0 thi trong bai toan doi
ngau, rang buoc thit i sé doi nguge dau bat ding thiic.
3) Gia st bai toan goc la
f(x) = i1 + coxo + c3x3 — min

(

| 1171 + a1222 + a13T3 = by
a21%1 + a22%2 + a23r3 = by

(%1 €6 dau tuy ¥, z2, x3 > 0.
Thay @1 = x; — x,, bai toan tré thanh
f(x) = cl(acll - xlll) + coxg + c3x3 — min

{ ’ 1
i all(ﬂfl - 331) + a12Ts + ai13x3 = by

’ 1
az1(x; — 1) + a2 + az3w3 = by

I

1"
tx17x17m27$3 Z 0.
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Quy hoach tuyén tinh

Bai toan doi ngau sé 1a

9(y) = biy1 + bays — max hay ¢(y) = by + boys — max
.{a11y1 +a21y2 < 1 I{allyl +a2y2 =1
1
1 —a11y1 —a21y2 < —C1 1‘ a12y1 + a22ys < co
{ a12y1 + a22Yy2 < C2 | @134 + a23y2 < c3
1 a13Yy1 + ag3y2 < C3 Ly1,y2,y3 c6 dau tuy y

1 . 14 N .
\¥1,Y2,y3 c6 dau tuy y

Nhu vay, néu trong bai toin géc x; c6 dau tuy y thi trong ai toan doi
ngau rang buoc thi 4 1a rang budc dang thiic.

Tt cac phan tich trén, c6 thé bd qua cac giai doan chuyén bai toan vé
dang chinh tac va cho ta quy tic xay dung bai toin déi ngau clia bai toan
quy hoach tuyén tinh tong quat véi rang buoc hén hop bat ky.

Bai toan gbc Bai todn doi ngau
ctz — min by — max
n
> a;jx; > b 1=1,2,....,my y; >0 (i=1,2,3,...,m1)
j=1

7
Sagz;=b; | i=mi+1,..m |y c6dautydo (i=my+1,..m)
j=1

m
Zj >0 j = 1,2, 151 Z ai;Y; < Cj, (j = 1,2, ..,’I’Ll)

B i=1

rjcodautuyy | j=n1+1,..,n Yoayi=c¢j (j=n1+1,..,n)
i=1

Quan hé gbc-déi ngau (Primal problem-Dual problem) 1a hoan toan ddi
xttng, nghia 14 déi ngdu cia bai toan déi ngau 1a bai toan gbc, néu coi bai
toan nay la gdc thi bai toan kia la déi ngdu va ngudgc lai.

That vay, ta thit viét bai toan d6i ngdu ctia bai toan (Q) & cot phai trong
bang trén. Trude hét ta viét lai bai toan (Q) thanh

[ bty — min

3

(—aij)yi > —¢;  (j=1,....,n1)
1

-
I

1

s
Il
—_

(—aij)yi=—c¢; (J=n1+1,..,n)

i ZO (i:1,...,m1)
; tu do (i=m1+1,...,m)

<

{

o6



Quy hoach tuyén tinh

Coi bai toan (Q) nay 1a bai toan goc, 4p dung quy tac néu & bang trén thi
bai toan doi ngau ciia noé la:

(—cly — max

Z (—CLZ‘J‘)LEJ‘ S —bi (’L = 1, ....,ml)

1' i (—aij)r;j=—=b; (i=m1+1,...,m)

K
:ijO (]:17 ,’I’Ll)
lz; tudo (j=mn1+1,...,n)
hay
Ifcty — min
1
i Z (am)xj > b; (Z =1, 7m1)
=1
{ Z(aij)xj :bj (i:m1+1,....,m)
. _
Exj 20 (.7:177”1)
\z; tudo (j=n1+1,...,n)

D6 chinh 14 bai toan (P). Vay ddi ngau ciia bai toan ddi ngau (Q) 1a bai
toan goc (P).

Vi du 3.1.2. Bai toan gbc

f(x) =bxy — x9 + 223 + 324 — 625 — min

I(S:Ul—x2+2:c3—|—3x4—l—x5 = 80
E$1+IE2+IE3+IE4+$5Z—1O
3r1 — 2x9 — 223 — x4 + x5 < 30
12y + 23 <6

txl < 0;29,x3 > 0; 24,25 tu do
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Quy hoach tuyén tinh

Bai toan d6i ngau
g9(y) = 80y; — 10y2 + 30ys + 6y, — max
(31 + o+ 3ys +ya > 5 (do z; <0)

i
| —y1+12— 2y < -1 (do 3 > 0)

i2y1+y2—2y3+y4§2 (do x3 >0)

j3y1 +y2 —ys =3 (do z4 tu do)

{4y1+y2+y3:6 (do x5 tu do)

i y1 tu do (vi rang buoc 1 & bai toan goc: "=")

i y2 >0 (vi rang buoc 2 & bai toan géc:” >
IU»/3, ys <0 (vi rang buoc 3, 4 6 bai toan géc:” <)

Vi du 3.1.3. Bai toan goc

f(fﬁ):2$1+3x2—x3+x4—>max

I{2$1—$2—$3+$4§5
1

1+ x2223 + 24 =7
{5$1+$2+3ZC3—|—$4Z5

(71522 2 0,23 < 0,24 tuw do
Bai toan déi ngau

g(y) = 5y1 + Tyz + 20y3 — min

f2y1+y2+y322 dox; >0

i—y1+y2+y323 do x2 >0

Lyt 20 +3ys < -1 doas <0

y1+y2 +yz =11 do x4 tudo <0

1y1 >0 do rang budc thit nhat ciia bai toan goc 147 <7
Ly tu do do rang budc thit hai ciia bai toan goc 1a” =7

IL?J3 <0 do rang budc thit ba ctia bai toan goc 1a” > 7

3.2. Quan hé giita ciap bai toan déi ngau

Vi bai toan quy hoach tuyén tinh bat ki c¢6 thé dua vé bai toan quy hoach
tuyén tinh dang chinh tic va c6 bai toan doéi ngau tuong ting, nén khong mat
tinh tong quat ta xét cip bai toan d6i ngdu véi bai toan goc cho dudi dang
chinh tic va dé don gian ta xét truong hop bai toan khong suy bién.
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Quy hoach tuyén tinh

Bai toan goc Bai toan ddi ngau
f(z) = c'z — min g(y) = b'y — max
Az =b Aty <e¢
(P) (Q)
x>0 y tu do

Dinh ly 3.2.1. Gid sif x la phuong an bat ky ctia bai toan goc (P), y la
phuong 4n bat ky ctia bai toan doi ngau (Q) thi f(z) > g(y).

Chitng minh. g(y) = by = (Az,y) = (z, Aly) < (z,¢) =tz = f(z). O

Dinh 1y 3.2.2. Néu x* la phuong an ctia bai toan géc (P), y* la phuong an
ctia bai toan doi ngau (Q) va cé f(z*) = g(y*) thi 2* la phuong 4n toi uu
ctia (P), y* la phuong 4n toi uu cia (Q).

Chitng minh. Gi st x 1a mot phuong an bat ky ctia (P). Theo dinh 1y 3.2.1
co f(z) > g(y). Theo gid thict g(y*) = f(z*) vay f(z) > f(z*). Vay 2" la
phuong an t6i wu ctia bai toan (P).

Hoan toan tuong tu ta chitng minh dude y* 14 phuong an t6i wu clia bai
toan (Q). O

Dinh 1y 3.2.3. a) Néu bai toan (P) c6 phuong an toi uu x* thi bai toan doi
ngau (Q) ciing c6 phuong an toi uu y* va ngugc lai, dong thoi f(z*) = g(y*).
b) Néu ham muc tiéu f(z) ctia bai toan goc (P) khong bi chan dudi thi
bai toan doi ngau (Q) khong c6 phuong an.
Néu ham muc tiéu g(y) ctia bai toan goc (Q) khong bi chan trén thi bai
toan goc (P) khong c6 phuong an.

Chatng minh. Gia st bai toan (P) c6 phuong an t6i wu, thé thi n6 c6 phuong
an cyc bién t6i wu x* véi co sd tuong tng J ma tran co s Ay. Vi z* =
0Vj¢Jmnenco A,z* =bhay a* = A b

Goi z* 1a cot thit k trong bang don hinh, né chinh 1a heé s6 khai trién ctia
cot a* trong ma tran A theo co sé J, tiic 1a af = 2 Ay hay 2% = akAjl :

Ay = E 2jkCj — Ck = zkcJ — Ck
JjeJ

vi * 14 phuong an t6i wu nén Ay <0 (k =1,2,....,n) tic 1a c6 zFc, —cp <
0(k = 1,2,..,n) thay 2¥ = a*A ! vao ta dugc a*A e, — ¢, < 0 (k =
1,2,...,n) hay A'A~1c, — ¢, < 0. Xét vector y* = AT le, thico Aly* —c <0,
do d6 y* 13 mot phuong an ciia bai toan déi ngdu. Hon nita theo dinh
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Quy hoach tuyén tinh

ly 2.2.1 thi y* cling 14 mot phuong an t6i wu ciia bai todn (Q) vi ta c6
gy*) =by* = btAJ_ch = A;lch =x*c, = cx* = f(a*).

Vi dbi ngau ctia bai toan déi ngau 1& bai toan goc, nén ménh dé ngudgc
lai chitng minh tuwong tu.

Chittng minh trén dong thoi chi ra cidch tim phuong 4n t6i uwu ctia bai
todn doi ngau (Q) tit cd sd clia bai todn gbc dang chinh tic: y* = A7 'b.

b) Néu f(z) = ¢!z — —oo (khong bi chan dudi), can chiing minh bai
toan d6i ngau (Q) khong c6 phuong an.

Gia st ngugce lai bai toan (Q) ¢6 phuong 4n y thé thi v6i moi phuong an
r clia bai toan (P) déu c6 f(z) > g(y) = by, mau thudn véi gid thiét g(x)
khong bi chan dudi.

Tuong tu néu g(xz) khong bi chin trén thi bai toan géc (P) khong c6
phuong an. [

Hé qua 3.2.1. Diéu kién can va di dé cip phuong an z*,y* la phuong an
toi wu ctia bai toan doi ngau (P), (Q) la cta* = bly*.

Khi nghién cttu quy tic thanh lap bai toan déi ngau ta thiy cé sy tuong
phan vé cac diéu kién. Néu rang buoc doi héi chat ¢ bai toin nay, vi du
n
> a;jx; = b; trong bai toan goc, thi tuong ting véi noé bién y; khong c6 diéu
j—1
kién gi vé dau trong bai toan ddi ngdu. Dinh 1y sau thé hién ré hon méi quan
hé nay.

Xét cap bai toan déi ngau doi xitng:

.{f(:c) = c'z — min -{9(’!/) = b'y — max
Az > b (P) Aly <c (Q)
Lz >0 LY >0

Dinh 1y 3.2.4. [Dinh Iy yéu vé do lech bu] Gid sit x € R™ la phuong an
ctia bai toan goc (P, y € R™) la phuong an ctia bai toan doéi ngau (Q). Khi
doé diéu kien can va di dé x va y la cac phuong an toi wu ciia cac bai toan
tuong wng la:

(Z Qi — bz)yz =0 (VZ = 1,2, ,m) (*)
j—1
(Cj — Zaij)xj = O (Vj = 1,2, ,n) (**)
=1
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Quy hoach tuyén tinh

Cha y. Diéu kien (%) & trén cho ta:

n n
Néu Yi > 0 thi Z Qi X5 = bz Néu Z Qi T > bl thi phél co Y; = 0.
j=1 j=1
Diéu kien (xx) cho ta:
e m Z m
Néu z; > 0 thi phai ¢6 ) a;;y; = ¢j. Néu ) a;;y; < ¢; thi phai c6
i=1 i=1
a:j = 0.

Chitng minh. Dat w; = (> aj;x; — bi)yi, v = (¢j — Y aijy;)x;
=1 i=1

Vi z,y la cac phuong an chap nhan dugc ciia bai toan gbc va bai toan
doi ngdu nén u; > 0,v; >0 (Vi =1,2,....,m;j =1,2,...,n).

bat a = Y u; > 0;8 = > v; > 0, khi d6 o = 0 khi va chi khi ¢6
- =
(%), B = 0 khi va chi khi c6 (%) va diéu kién (x) va (xx) dugc dong thoi
thuc hién khi va chi khi o + 8 = 0.

Ta co
a+f= Z(Z aijx; — b))y + Z(Cj — Z aijYi)T; =
i=1 j=1 = —
Z cjrj — Z biy; + Z Z Qi TjYi — Z Z i yi; =
7=1 i=1 j=1 i=1 j=1

3

Z biy; = c'z — by = f(z) — g(y).

<.
| |

Theo hé qua clia dinh 1y 3.2.3, diéu kién can va du dé z, y 1a cap phuong
an t61 wu clia bai toan gbéc va bai toan déi ngau la f(x) = g(y) do do la
a+ B =0 tic la a = = 0 no6i cach khac 1a cac diéu kien (x) va (x). O

Lién hé gita bai todn quy hoach tuyén tinh va hé
phuong trinh tuyén tinh

Xét bai toan quy hoach tuyén tinh dang chuan tic:

.{f(a:) = c'x — max
Ax >b (1)
leO

trong d6 A 1 ma tran cap m
timesn; cac véc to xz,c € R", b € R™.
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Bai toan do6i ngau cta (I) 1a

.{g(y) = bty — min
{ Aty < ¢ (%)
yv=0

trong d6 y € R™.

Tt 1y thuyét déi ngau ta biét ring néu cap phuong an x,y cia cip bai
toan do6i ngau (I), (I*) théoa man diéu kién c'z = by thi z,y la cap phuong
an t61 wu ctia bai toan goc (I) va bai toan déi ngau tuong tng (I*). Do do
x,y 1a cip phuong an t6i wu ctia (1) va (I*) néu thda man he

I{AJ?Zb
IAt
{ y=c (1)

ctx = bty
lz>0,y>0

Ta dua thém cac bién phu khong am wu, v thi (1) c6 thé viét dusi dang

I{Ax—u:b
oAt \
{Ay+v—c @)
clx = bly

lz>0,y>0,u>0,0>0

Nhu vay, néu (z*,y*,u*,v*) la nghiém cta hé (2) thi z* la phuong an
toi wu clia bai toan goc (1), y* 14 phuong an t6i wu ctia bai toan déi ngau
(I*). Ngugc lai néu z*, y* 1a cip phuong an t6i wu clia cap bai toan déi ngau
(I),(I*) thi dat u* = Az* — b,v = ¢ — Aly*, ta thu duge (z*,y*,u*,v*) 1a
nghiem ctia (2). Diéu d6 chin t6 ring viéc gidi bai toan quy hoach tuyén
tinh () tuong duong véi tim nghiém khong an ctia hé phuong trinh tuyén
tinh

.{A:I: —u=25o
Aly+v=c (2)
kctx = bly.

Vi vay moi thuat toan tim nghiém khong am ctia hé phuong trinh tuyén
tinh déu ap dung triyc tiép vao viéc giai bai toan quy hoach tuyén tinh. Ngugc
lai, moi thuat todn quy hoach tuyén tinh déu cé thé dung dé tim nghiem
khong am ctia hé phuong trinh tuyén tinh bang cach giai bai toan & pha thit
nhat trong phuong phap hai pha.
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3.3. Y nghia ctia bai toan déi ngiu

Dé minh hoa vé ¥ nghia clia bai toan déi ngau ta xét mot s6 vi du sau.

Vi du 3.3.1. (Bai toan lap ké hoach san xuat). Mot xi nghiép sdn xuat n
mit hang, st dung m loai vat lieu vé6i s6 lugng hién c6 1a b; (i = 1,...,m).
Biét ring dé san xuat mot don vi mat hang thit j can a;; don vi nguyeén lieu
thii (j =1,...,n;i=1,...,m) vda mot don vi médt hang tht j duge ban véi
gid ¢; don vi tién. Hay lap ké hoach san xuat dé xi nghiép thu dugc tong gid
tri san pham cao nhat véi diéu kien han ché vé s6 vat lieu hién co.

Goi x1, 22, ..., Ty 12 sO luong mit hang sé sdn xuat theo ké hoach. Bai
toan 1ap ké hoach san xuat dua vé bai toan quy hoach tuyén tinh sau:

f(x) =c1z1 + cox2 + ... + ¢z, — max
V6i cac diéu kien

.{anl’l +apry + ...+ apxy, < by

1

| A2171 + a22%2 + ... + a2,y < b

! Am1T1 + Gm2T2 + ... + AmnTn S bm
1 .

L.Ij > 0, (] = 1, ..,n)

hay du6i dang ma tran:

.(f(x) = c'x — max
Ax <b (P)
kaO

Trong bai toan thyc té & trén ta chua xé dén gia ca clia cac vat lieu dung
dén trong qua trinh sdn xuat . R6 rang xi nghiép mong mudn cic mic gia
cang thap cang tot dé c6 thé c6 nhiéu loi nhuan. Mot cau hoi dit ra, miic
gia thé nao 1a "hop 1i". Van dé sé ro rang hon néu ta dua ra tinh hudéng sau:
Mot xi nghiép khac mudn mua lai chinh s6 vat lieu néi trén. Ngudi ban sé
chi chap nhan ban néu s6 tién thu dude do ban céc vat lieu dé san xuat mot
don vi hang j khong thap hon ¢; don vi tién, ngudi mua thi muén mua véi
tong s6 tien thap nhat.

Bai toan dinh gia noéi trén ciing dua ta dén mot bai toAn quy hoach tuyén
tinh.

Goi y; (i =1,..,m) la gia ban mot don vi vat liéu thi i.

Can tim y = (y1, Y2, --, Ym ) Sao cho:
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9(y) = biy1 + bay2 + ... + by Yy — min

v6i cac diéu kién

.{a11y1 +a2y1 + ... + Gm1Ym = 1
1

1 @12Y1 + A22Y1 + oo + Qm2Ym = C2
L A1nY1 + A1nY1 + oo T AnYm = Cn
ly; >0 (i=1,..,m)

hay dudi dang ma tran:

(g(y) = by

' rightarrow min
{A@Zc
lyZO

Hai bai toan (P) va (Q) la cap bai toan ddi ngdu doi xing.
Goi z*, y* 1a cip phuong an tdi wu ctia (P) va (Q). Theo dinh ly vé do
léch bu ta co:

(Z Qi T; — bi)y*=0 (i=1,..,m) (*)

(cj — Zaijy*)x* =0 (j=1,...,n) (%)

Tt (%) cho ta:

n
Néu y* > 0 thi ) a;jz* = b;, tiic 1a néu gia ban cta vat lieu thit ¢ duong
i=1
thi nguoi san xuat can dung hét loai vat lieu do.
n
Néu > < bthi y* =0, tiic 1a nguoi sdn xuat chi khong dung hét vat lieu
i=1
thit ¢ néu gid ban vat lieu thi ¢ bang khong (chi c¢6 nhu vay mdéi khong lang
phi vat lieu thi 7).
T (x%) cho ta:

m
Néu z* > 0 thi Y a;;y* = ¢;, tc 13 néu mat hang thi j duge san xuét
i=1
thi tong gia ban cac vat lieu dé san xudt mot don vi mit hang thi j phai
bang gia tri cia mot don vi mét hang j.
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m
Néu 3 a;jy* > ¢; thi 2* = 0, tic 1a tong gia ban cac vat lieu dée san
i=1
xuat mot don vi mit hang thit j 16n hon gia tri mot don vi mit hang j thi
khong san xuat mit hang j (vi sdn xuat khong c6 1gi bang ban vat lieu).
Néu z* 1a phuong an san xuat toi wu clia nha san xuat thi y* 1a gia chap
nhan ctia nha san xuat va la gia mua t6i wu c6 thé dude clia ngudi mua.

Vi du 3.3.2. (Bai toan lap thuyc don).

C6 n loai thuc pham. Biét ring mdi don vi thyc pham thi j chia a;; don
vi chat dinh dudng i va gia thanh ¢; don vi tien (i = 1,..,m;j = 1,...,n).
Hay lap mot thiye don sao cho trong bita an ddm bdo c6 it nhat b; don vi
chat ¢ ma gia thanh 1& ré nhat.

Goi z; la s6 don vi thyc pham loai j dung trong bita an. bai toan trén
dan vé bai toan quy hoach tuyén tinh sau: Tim véc t0 x = (r1, %2, ..., Ty)
sao cho: f(x) = 171 + c2x2 + ... + ¢4, — min thda man cac diéu kien.

n
{ Z Q54 > b (Z = 1, ,m)
ij=1 (P)
z; >0 (j=1,.,n)
Trong thuc té, nhiéu trusng hop cé thé tham chi thay thé mot s6 thuc pham
bang thudc bo.
Bay gid ta xét cong viec kinh doanh ctia mot chii san xuét thube bo. Goi
y; 1a gia mot don vi chat dinh dudng thit i chita trong thudc bo (chang han
dudi dang vién) ctia nha sdn xuat thude, thi nha sadn xuat thudc can dinh
duge gia y; (i = 1,..,m) sao cho néu ba noi tr¢ dung thudc hay thiyc pham
thi gia thanh ctia mot thiyec don khong dit hon khi diing thye pham méa nha
sdn xuat c6 doanh thu cao nhat. Bai toan nay dan dén bai toin quy hoach
tuyén tinh sau: Tim véc to y = (y1, Y2, -.., Ym) sao cho

9(y) = biy1 + bays + ... + by Yy — max

{i aijYq < Cj

=1,2,..,m)

Q)

RO rang bai toan (P) va (Q) 1a cap bai toan doi ngdu. Tt dinh 1i vé do lech
bu cho thay:
Néu > ai;y; < ¢; thi x; = 0, tic 14 néu dung thudce ré hon khi dung
i=1
thue pham thit j thi ba noi tr¢ khong mua thuc pham thi j.
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n
Néu y; > 0 thi Y a;jz; = b, tic 1a néu nha san xuét dinh gia duong cho
j=1
mot don vi thude bo thit ¢ thi ba ndi trg sé tim cach dap ng & mic toi thicu
doi héi vé chat dinh dudng thi ¢ trong khau phan.

Vi du 3.3.3. (Tro choi ma tran)

Ta goi tro choi ma tran hai dau tha 1a bo ba (I, J, A) trong do6 {i =
1,2,..,n} 1a tap hgp céc chién thuat choi cia dau thi thi nhat J = {1,2,..,m}
14 tap hop céc chién thuat choi clia dau thi thi hai con A = (aj)mxn (i €
I,j € J) la ma tran gia cta tro choi. Néu trong mot cuoc choi, dau thu thi
nhat dung chién thuat thic ¢, ddu tht thd hai dung chién thuat thi j thi
dau tht thi nhat thu duge tién a;; cdon dau thi thit hai sé phai tra a;; (luu
¥: néu a;; > 0 thi thing thu a;;, thua chi a;;, néu a;; < 0 thi thu a;; tic 1a
chi (—aij) con chi Qij, tuc 1a thu (—aij)).

Bai toan dat ra 1a tim chién luge choi t6i wu cho hai dau thu.

Tron trod choi nhu vay, thong tin vé cdc dau thu 1a rat quan trong, dong
thai 1gi nhuan (ton that) tit cudc choi tinh nhut két qua ctia nhidu 1an choi,
vi vay c6 khai niém "chién thuat hén hgp". Cac dau thu bay gio khong
dua ra su lua chon cu thé chién thuat nao ma sé lua chon theo xéc suit
chién thuat ciia minh trén cac tap I,J. Gid st z; 1a xac sudt chon chién
thuat thit ¢ clia ddu tha thit nhat. Véc to xac xuat z = (z1.79, ..., T,) VOi

n
x; >0, Y x; = 1 goi 1a chién thuat ctia dau tht thi nhat. Tuong ty nhu
i=1 m
vay véc t0 y = (Y1,¥2,--, Ym) Vi y; > 0, 37 y; = 1 goi la chién thuat ciia
j=1
dau thu thi hai.

Gia st dau thi th nhat quan tam dén viéc tim chién thuat héon hop x
dam bao lgi nhuan it nhat a. Lgi nhuan cia dau thi th nhat nhan duge khi
anh ta dung chién thuat hén hgp x con dau thu thi hai dung chién thuat
thit j 1a a1;21 +agjx2 + ... +an;x,. V1 ala loi nhuan t6i thiéu phai dat duge
khi dimmg chién thuat hén hgp = bat ké dau thu th@ hai dung chién thuat
nao, do dé phai co:

a1;x1 + a2;X2 + ...+ QnjTn 2 0 V] == 1,2, -
Nhu vay dau tht thi nhat can phai gidi bai toan téi wu sau:

(Oé — max

NIE

ajjr; > o, Vi=1,2,...,m
. (P)

@
Il
_

,—--—/\—--
. )
NN
B
Il
—_

&
\Y
e}
=
I
\.}—‘
no
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Quy hoach tuyén tinh

Tuong tu nhu vay, gid st 3 1a ton that nhiéu nhat ma dau thi thit hai c6
thé chiu dung dugc khi anh ta chon chién thuat hén hop y bat ké dau thu
thit nhat dung chién thuat gi, thi dau thi thit hai can phai giai bai toan toi
U sau:

R6 rang (P) va (Q) 1a cap bai toan déi ngau ctia quy hoach tuyén tinh.
Dé thay ca hai bai toan déu c6 phuong an chap nhan duge thi tu dinh ly
3.2.3 suy ra ca hai bai toan dé c6 phuong an t6i uu 1a 1gi nhuan tdi da cla
dau tht th@ nhat bang tén that toi thiéu ctia dau tha tha hai.

BAI TAP CHUONG 3
Tim bai toan dbi ngau clia cac bai toan sau day.
1) f(z) = 21 + 42 + 3 + x4 — max
I{xl + 30 +23+1x4 <1
| —bxy — 214 <3
{:CQ +4drs+ 24 <3
lz; >0 (j =1,2,3,4)
2)f(z) = —2x1 + 2 + x4 — min
I{azl + 190 — 23 < 15
':Ul + x9 + x3 + 14 = 27
{2x1—x2—x3§ 18
le; >0 (j=1,2.3,4)
3)f(x) = 27x1 4+ 50x2 + 18z3 — max
Ifxl + 229 + 23 < 15
' —2x1+x9 — 23 <4
{3314-2332—333 < -2

\z1,22 tuy ¥ 23 < 0.
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